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We solve the problem of mean- variance hedging for general semi- 
martingale models via stochastic control methods. After proving that 
the value process of the associated stochastic control problem has 
fV^ a quadratic structure, we characterize its three coefficient processes 

0^ ■ as solutions of semimartingale backward stochastic differential equa- 

tions and show how they can be used to describe the optimal trad- 
ing strategy for each conditional mean- variance hedging problem. For 

■ comparison with the existing literature, we provide alternative equiv- 
alent versions of the BSDEs and present a number of simple examples. 

0. Introduction. Mean- variance hedging is one of the classical problems 

■ from mathematical finance. In financial terms, its goal is to minimize the 
\ mean squared error between a given payoff H and the final wealth of a self- 
financing strategy i? trading in the underlying assets S. Mathematically, one 
wants to project the random variable H in L 2 (P) on the space of all stochas- 
tic integrals St = J "& r dS r , perhaps after subtracting an initial capital x. 

| The contribution of our paper is to solve this problem via stochastic con- 

trol methods and stochastic calculus techniques for the case where the asset 
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prices S are given by a general (locally P-square-integrable) semimartingale, 
under a natural no-arbitrage assumption. 

The literature on mean- variance hedging is vast, and we do not try to sur- 
vey it here; see Schweizer (2010) for an attempt in that direction. There are 
two main approaches; one of them uses martingale theory and projection ar- 
guments, while the other views the task as a linear-quadratic stochastic con- 
trol problem and uses backward stochastic differential equations (BSDEs) 
to describe the solution. By combining tools from both areas, we improve 
earlier work in two directions — we describe the solution more explicitly than 
by the martingale and projection method, and we work in a general semi- 
martingale model without restricting ourselves to particular setups (like ltd 
processes or Levy settings). We show that the value process of the stochastic 
control problem associated to mean-variance hedging possesses a quadratic 
structure, describe its three coefficient processes by semimartingale BSDEs 
and show how to obtain the optimal strategy •&* from there. In contrast to 
the majority of earlier contributions from the control strand of the litera- 
ture, we also give a rigorous derivation of these BSDEs. For comparison, the 
usual results (especially in settings with Ito processes or jump-diffusions) 
start from a BSDE system and only prove a verification theorem that shows 
how a solution to the BSDE system induces an optimal strategy. Apart from 
being more precise, we think that our approach is also more informative since 
it shows clearly and explicitly how the BSDEs arise, and hence provides a 
systematic way to tackle mean-variance hedging via stochastic control in 
general semimartingale models. More detailed comparisons to the literature 
are given in the respective sections. 

The paper is structured as follows. We start in Section 1 with a precise 
problem formulation and state the martingale optimality principle for the 
value process V (x) of the associated stochastic control problem. Assum- 
ing that each (time t) conditional problem admits an optimal strategy, we 
then show that V H (x) is a quadratic polynomial in x whose coefficients are 
stochastic processes v^ \v^\v^ that do not depend on x. This is a kind of 
folklore result, and our only claim to originality is that we give a very simple 
proof in a very general setting. We also show that the coefficient v ^ equals 
the value process V^°(l) for the control problem with initial value x = 1 and 
H = 0. 

Motivated by the last result, we study in Section 2 the particular problem 
for x = 1 and H = 0. We impose the no-arbitrage condition that there exists 
an equivalent cr-martingale measure for S with P-square-integrable density 
and are then able to characterize the process v ^ as the solution of a semi- 
martingale BSDE. More precisely, Theorem 2.4 shows that all conditional 
problems for x = 1, H = admit optimal strategies if and only if that BSDE 
(2.18) has a solution in a specific class, and in that case, the unique solution 
is i/ 2 ) and the conditionally optimal strategies can be given in terms of the 
solution to (2.18). In comparison to earlier work, we eliminate all technical 
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assumptions (like continuity or quasi- left-continuity) on S, and we also do 
not need reverse Holder inequalities for our main results. 

Section 3 considers the general case of the mean- variance hedging problem 
with iSK and H 6 L 2 (J-~t, P)- The analog of Theorem 2.4 is given in Theo- 
rem 3.1, where we describe the three coefficient processes ,v^\v^ by a 
coupled system (3.1)-(3.3) of semimartingale BSDEs. Existence of optimal 
strategies for all conditional problems for (x,H) is shown to be equivalent 
to solvability of the system (3.1)-(3.3), with solution v^ 2 \v^\v^ \ and we 
again express the conditionally optimal strategies in terms of the solution 
to (3.1)-(3.3). As mentioned above, this is stronger than only a verification 
result. 

In Section 4, we provide equivalent alternative versions for our BSDEs 
which are more convenient to work with in some examples with jumps. 
This also allows us to discuss in more detail the connections to the existing 
literature. Finally, Section 5 illustrates the use of our results and gives further 
links to the literature by a number of simple examples. 

1. Problem formulation and general results. We start with a finite time 
horizon T G (0, oo) and a filtered probability space (£1, J 7 , F, P) with the fil- 
tration F = (T^oKtKT satisfying the usual conditions of right-continuity and 
P-completeness. Let S = (St)o<t<T be an Revalued RCLL semimartingale, 
and denote by = ©s the space of all predictable 5-integrable processes 
$ € L(S) for short, such that the stochastic integral process $ ■ S = f "ddS is 
in the space S 2 (P) of semimartingales. Our basic references for terminology 
and results from stochastic calculus are Dellacherie and Meyer (1982) and 
Jacod and Shiryaev (2003). 

For x € E and H £ L 2 (J 7 t,P), the problem of mean-variance hedging 
(MVH) is to 

(1.1) minimize E[(H — x — • St) 2 ] over all $ € 0. 

The interpretation is that S models the (discounted) prices of d risky as- 
sets in a financial market containing also a riskless bank account with (dis- 
counted) price 1. An integrand i9 together with x 6 M. then describes a self- 
financing dynamic trading strategy with initial wealth x, and H stands for 
the (discounted) payoff at time T of some financial instrument. By using 
(x,$), we generate up to time T via trading a wealth of x + f Q $ r dS r = 
x + i? • St, and we want to choose i9 in such a way that we are close, in 
the L 2 (P)-sense, to the payoff H. We embed this into a stochastic control 
problem and define for ip S and t € [0,T] 

V t H (x,%l)):= essinf E\(H - x - ■& ■ 5 T ) 2 j7" t ] 



ess inf E 



H 



1p r dS r 



$r dS r 
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where @t,T(ip) '■= {$ £ ©|$ = ip on [0, t}}. Our goal is to study the dynamic 
value family 

V t H (x):=V t H (x,0) 

( L2 ) 



ess inf E 

i?eo 



H-x 



1?r (Z5 T 



ie[0,T], 



in order to describe the optimal strategy for the MVH problem (1.1). Observe 
that with this notation, we have the identity 



\l) r dS r j = V^(x,ipl^ n ) = V^(x,i)Ij t}U j) 
for u>t. Because the family of random variables 



H-x 



~& r dS 7 



Tt 



for £ O is closed under taking maxima and minima, we have the classi- 
cal martingale optimality principle in the following form; see, for instance, 
El Karoui (1981) for the general theory, or Mania and Tevzadze (2003a) for 
a formulation closer to the present one. 

Proposition 1.1. Fix H e L 2 (7" T ,P). For every i£l and t € [0,T], 
we have: 

(1) The process (V^(x + J*" ' $ r dS r ))t< u <T is a P-submartingale for every 
GO. 

(2) A strategy ■&*>* = (x,H) 6 &t,r(0) is optimal for (1.2) (i.e., attains 
the essential infimum there) if and only if (V^(x + 'fir' 1 dS r ))t< u <T is a 
P-martingale. 

(3) If the strategy $* = i?*' (x, H) solves (1.1), then $*Iut} is optimal 
for V t H {x + r • S t ) = V t H (x, $*). 

For the special case H = 0, the fact that O is a cone immediately gives 

r-T \ 2 



(1.3) VP(x) = essinf£ 

fee 



x + 



This holds for any random variable x £ L 2 (J-t,P). So Proposition 1.1 almost 
directly gives: 

COROLLARY 1.2. For every t G [0, T], we have: 

(1) The process ((1 + f^ 1 $ r dS r ) 2 V® (l))t< u <T is a P-submartingale for 
every $ G O. 

(2) A strategy = tf*> 4 (l, 0) G 8t, T (0) is optimal for V t °(l) in (1.3) if 
and only if the process ((1 + §^ dS r ) 2 V®(l))t< u <T is a P-martingale. 
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(3) l/tf* = ??*> (l,0) solves (1.1) forx=l andH = 0, then 



(1.4) 



J K dS r = 0, P-a.s. on the set {1 + tf* • S t = 0}. 



Proof. Since (1) and (2) are special cases of Proposition 1.1, we only 
need to prove (3). Fix t G [0,T], set D t := {1 + •&* ■ S t = 0} G T t and de- 
fine <p := ^D c i?*ii|t iii- By part (3) of Proposition 1.1 with x = 1,H = 0, the 
strategy #*%.tj is optimal for V^l + 19* • S t ) so that 



1 + •&* ■ S t + 



C dS r 



!+>&*■ S t + / ifrdSr 



<I Dt E 



by the definitions of (p and -D^. This yields 

rT 



o = i Dt (i + r • s t + jT tf r * d<s r ^ = j d< jf tf r * ds r 

again by the definition of Dt, and so we get (1.4). □ 



P-a.s. 



As in Proposition A. 2 of Mania and Tevzadze (2003a) or Theorem 2.28 
of El Karoui (1981), we also obtain: 

Proposition 1.3. Fix H G L 2 (F T ,P). For every xel, t 6 [0,T] and 
j/)£6, f/tere exists an RCLL version of the P-submartingale 



V"[x + 



1p r dS 7 



t<u<T 



Moreover, for each the family {V t H (x)\t G [0,T]} of random variables 

can be aggregated into an RCLL process, which we again call 

V H (x) = (V u H (x))o<u<_ 



i<T- 



In the sequel, we always choose and work with the RCLL versions from 
Proposition 1.3. 

For easier discussion of the next result, we introduce some more termi- 
nology. We denote by F 2 a (S) the (a priori possibly empty) set of all prob- 
ability measures Q equivalent to P on Ft such that S is a Q-cr-martingale 
and ^ G L 2 (P). Assuming that F^ a (S) is nonempty is one way of imposing 
absence of arbitrage for our financial market and also fits naturally with the 
fact that our basic problem is cast in quadratic terms. The density process 
of Q with respect to P is denoted by = (Z\ 9)o<t<Ti an d we say that 
Q G Pea-OS") satisfies the reverse Holder inequality R2{P) if there is a con- 
stant C with E P [(Z^) 2 \F T ) < C{Z?) 2 P-a.s. for all stopping times r < T. 
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It is well known that if there is some Q G fl a (S) satisfying R 2 (P), then 
Gt(S) = {$ ■ StW G 6} as well as L 2 (T t ,P) + G r (e t ,r(0)) for each t are 
closed in L 2 (P) so that both (1.1) and (1.2) for each t have a solution; see 
Theorem 5.2 of Choulli, Krawczyk and Strieker (1998). Moreover, for any 
Q G P 2 a (S) and any t? G 0, the product of and i? • 5 is a P-cr-martingale 
with P-integrable supremum; so i? • 5 is a true Q-martingale, and i? • = 
a.s. implies that = in L(S). This is used later several times to argue that 
a self-hnancing strategy is uniquely determined by its wealth process (i.e., 
stochastic integral). 

Our main result in this section now provides the basic structure of the 
process V H (x) and of the optimal strategies for (1.2). 

Theorem 1.4. Fix H G L 2 {Tt,P)- Suppose that for each t G [0,T], 
(1-2) has a solution =$*' t (x,H) for every i6l, Suppose also that for 
any $ G 0, i? • St — a.s. implies that *& = m L(S). Then each t?*'*(x,ii) 
is o/ £/ie affine form 

(1.5) ti*'\x,H) = #°> t + x-& 1 > t for some ^°' t ,^ 1 ' t £9^(0), 
and eac/i V^(x) /tos i/te quadratic form 

(1.6) y t H (x) = ^ (0) - 2^ (1) x + V 

/or RCLL processes v^ > \v^ 1 \v^ 2 ' not depending on x. Moreover, i? 1 '* = 
$*'*(1,0) is i/ie solution of (1.3), and the quadratic coefficient v\ equals 
V^iX) from (1.3) and does not depend on H. 

Proof. Fix t G [0,T]. Denote by G t)T = G T (0*^(0)) = {/ t T r dS r \& G 
0} the space of all stochastic integrals on \t,T\ of •& G and by G^t its 
closure in L 2 (P). Since the problems (1.2) with payoff H for x = 1 and x = 
have solutions (which are given by projections), so does problem (1.2) for 
x = 1 and payoff H' = by taking differences, and the latter problem is 
identical to (1.2) for x = 0,H' = -1 so that tf*(0, -1) = iT(l,0). Both here 
and in the next argument, we exploit our assumption that a self- financing 
strategy is uniquely determined by its wealth process. If II is the projection 
in L 2 (P) on Gt,T, then clearly 

H)-S T = u(h - a) = n(#) + a?n(-i) 

= #*' t (Q,H)-ST + x#*' t (Q,-l)'S T , 
and so (1.5) follows with t? '* = 0*'*(O, if) and tf 1 '* = 0*'*(O, -1) = 0). 
This gives 

■Ft 



P 



if 



x 



■&p*{x,H) dS, 



E 



H 



l 



V°/dS r -x[ 1 + 



$y dS, 
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and hence we directly obtain the expression (1.6) with 



,(°) 



,(!) 



E 



E 



H 



T 



r/{o,H) ds r 



H ~ J t K ,t (Q, H )dSr)U + J #?*(1,0) dS, 



and 
(1.7) 



,( 2 ) 



E 



1 + 



#*'*(!, 0) dS r 



bmce the families {V t H (x)\t € [0,7]} aggregate into an RCLL process, the 
same holds for the families v^°\ jj", from (1.6). The last assertion is 
clear from the above proof. □ 



Remarks. (1) As mentioned above, one sufficient condition for all as- 
sumptions of Theorem 1.4 is the existence of some Q € P 2 . a (S) satisfying the 
reverse Holder inequality i?2(-P); see Choulli, Krawczyk and Strieker (1998). 

(2) The particular choice of © = @s f° r the space of integrands is conve- 
nient and also exploited later, but not crucially important for the conclusion 
of Theorem 1.4 to hold. All we need is that there exist for all t solutions 
i?*'*(:c, -ff) for all x, that the martingale optimality principle from Proposi- 
tion 1.1 holds, and that [or Gt{&), which must be a subset of L 2 (P)] is a 
linear space. Of course, existence of solutions for all x and all H is equiva- 
lent to closedness of Gt{&) in L 2 (P); and the key point for the martingale 
optimality principle is closedness under bifurcation of G. 

(3) We emphasize that Theorem 1.4 is a bit of a folklore result in the liter- 
ature on mean-variance hedging, and we do not claim any great originality 
here. Variants in different levels of generality can be found in Gugushvili 
(2003), Mania and Tevzadze (2003a), Bobrovnytska and Schweizer (2004), 
Cerny (2004), to name but a few. However, we think that it is useful to have 
a presentation which is as general, and yet as simple, as possible. 

Our goal in the sequel is to study the dynamics of the coefficient processes 
and use them to express the optimal strategies t?*'*(x, H). Let 
us first simplify things a little. Because #*'*(1,0) is the solution (minimizer) 
of (1.3), the first order condition for that quadratic optimization problem 

implies that E[ jf -& r dS r (l + / t T ^'*(l,0)dS' r )|J c i] = P-a.s. for each t € 
[0,T] and $ € O. We note for later use that this allows us to write 

Tt ■ 

Also for later use, we give some additional results for the coefficients 

(o)yi) ; v m. 



,(!) 



E 



Hi 1 + 



^'*(l,0)d5 T 
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Lemma 1.5. Under the assumptions of Theorem 1.4, we have: 

(1) is a P-submartingale with < < 1. 

(2) is a P-submartingale with < < E[H 2 \J-t], < t < T, hence 
of class (D). 

(3) i/ 1 - 1 zs a P-special semimartingale with \v^\ 2 of class (D). Therefore 
i/ 1 ) is in Sf oc (P) and for its canonical decomposition = , 
we have G M"l loc {P). 

Proof. (1) By Theorem 1.4 and (1.7), we have v^> = V°(l), and this 
is a P-submartingale by part (1) of Corollary 1.2 (for -d = 0). Because d = 
is in 0, we get < V°(l) < 1 directly from (1.3). 

(2) Theorem 1.4 gives v (°) = V H (0), and this is a P-submartingale by 
part (1) of Proposition 1.1 (for x = 0,1? = 0) and nonnegative by the defi- 
nition in (1.2). Since ■& = is in 9, (1.2) also gives V t H (0) < E[H 2 \F t ] for 
all t. 

(3) By part (1) of Proposition 1.1, V H (x) is a P-submartingale, hence a 
P-special semimartingale, and so are and by (1) and (2). Because 
V H (x) = — 2v^x + v^x 2 by Theorem 1.4, also is then a P-special 
semimartingale. Moreover, V (x) > for all x due to (1.2) implies that 

k (1) | 2 < vf ] vf ] < vl 0) < E[H 2 \T t ], 0<t<T, 

by (1) and (2) so that I?/ 1 )) 2 is of class (D). The rest of part (3) is then 
clear. □ 

2. Pure investment: The special case x = 1, H = 0. In this section, we 
give a description of (the RCLL version of) the value process 

r T \ 2 

1+ / $ T dS r 



(2.1) VP(1) = essinf£ 

fee 



< t < T, 



of the problem (1.3). Since this is by (1.7) and Theorem 1.4 the quadratic 
coefficient in the representation (1.6), we use in this section the shorter 
notation 

qt :=V t \l)=vf\ 0<t<T. 

We also remark that q coincides with the opportunity process from Cerny 
and Kallsen (2007), although the latter is defined there with a different space 
O of integrands $ for S. 

Let us first prove strict positivity of q, as well as of g_. 

Lemma 2.1. Suppose F 2 a (S) 7^ 0. Then q and (/_ are both strictly pos- 
itive, in the sense that P\qt > and qt- > for < t < T] = 1. If there is 
some QgP 2 ct (5) satisfying the reverse Holder inequality R,2(P), we even 
have q>5>0 P-a.s. for some constant 5. 
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Proof. For Q G F 2 C ^{S) with density process Z = Z Q = Z Q > P , define 
as in Gourieroux, Laurent and Pham (1998) a new probability R ~ P by 

:= ^j-Jsj ■ Then the Bayes rule gives 



(2.2) 



(2.3) 



y R;P _ dR 
Zt '-dP 



Z. 



R;Q ._ 



dR 
dQ 



E[Z 2 \F t ] 
E[Z 2 ] ' 

EQ\Zr\T t 
E[Z 2 T ] 



1 7 R;P 



Using the Bayes rule and (2.2), Jensen's inequality, again the Bayes rule and 
(2.3) yields 



E 



1 + 



= Z P ' P E[Z 2 ]E R 
> Z P ' P E[Z 2 } (e r 



T 



(z 2 T y 



i + 



(Z 



T 



1 + 



T 



T 



T, 



z* p E[m{z x 



7 R;Qyl 



(e[z t ])- 1 U + j\ r ds 7 



T 



But as already noted before Theorem 1.4, J fidS is a Q-martingale whenever 
Q G F 2 a (S) and •& G 9. So we get by using (2.3) and (2.2) that 



(2.4) 



E 



1 + 



#r dS 7 



T 



Z* P E[Z*] 



> 



Z? 



{Zf' Q E[Z 2 }) 2 E\Z 2 T \T t \ 

and the first assertion follows since info<t<T Zt > P-a.s. by the minimum 
principle for supermartingales and sup <t<r E[Z T \Tt\ < oo P-a.s. by the 
martingale maximal inequality. If Q satisfies i?2(P) with constant C, we 
can take 5 = 1/C for the second claim. □ 



Remark. Strict positivity of the opportunity process and its left limits 
(hence of q and q~) is also proved in Lemma 3.10 of Cerny and Kallsen 
(2007). However, the above short proof seems to us more transparent. 

The optimization problem in (2.1) has a (well-known) dual formulation as 
follows. Extending F 2 a (S) a little, we denote by F 2 a (S) the set of all signed 
measures Q <C P on Tt with Q[0] = 1 and such that the product of S and the 
density process Z® of Q with respect to P is a P-u-martingale. We call Q G 
F 2 a (S) variance- optimal if ||^p||i,2(p) < H^pHwp) for all Q GF 2 a (S), and 
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we say that the variance- optimal martingale measure ( VOMM) exists if Q G 
Pg a (S) is variance-optimal. (In particular, Q is then by definition equivalent 
to P.) If S is continuous, Theorem 1.3 of Delbaen and Schachermayer (1996) 
shows that Pg a (S) ^ is sufficient for the VOMM to exist; but if S can 
have jumps, the situation is more complicated. 

The dynamic problem of finding the VOMM has the value process 

V t := essinf E\(Z^/zf) 2 \ FA, 0<t<T. 

Then we have the following direct connection to (1) and (2.1). 

Proposition 2.2. Suppose S G S 2 oc (P) and that the VOMM exists. 
Then V = 1/V°(1). 

Proof. We know from (2.4) in the proof of Lemma 2.1 that for i? G O 
and Qe W* a (S), 



E 



T 



1+ / $ r dS r 



>l/E[(Z%/Z?) 2 \F t ], 0<t<T. 



Taking the ess inf over i?69 and the ess sup over Q G F 2 a (S) implies 

that V (1) > 1/V. Conversely, since Vj!(l) = 1, the martingale optimality 
principle in Corollary 1.2 gives 



(2.5) (l + ^# r dS^\ V t °(l)<E (l + f tirdS^j 



r T \ 2 



o < t < r, 



for every i? G © = O5. But if we define, as in Gourieroux, Laurent and Pham 
(1998), 

6 GLP := {tf G L{S)\& ■ S T G L 2 (P) and Z Q ($ ■ S) 

is a P-martingale for all Q G F 2 a (S)}, 

then Gt(Oglp) := • S T \$ G 6 G lp} is by Corollary 2.9 of Cerny and 
Kallsen (2007) the closure of Gt(@s) i n L 2 {P), and this allows us to extend 
(2.5) to every # G ©glp- Indeed, for a sequence (# n ) in ©5 with Gr($ n ) — > 
Gt{$) in L 2 (P), the right-hand side of (2.5) for converges in L^{P) to 
the right-hand side of (2.5) for and because we have zf(l + §Q-& r dS r ) = 

E[Z$(1 + $q <& r dS r )\JF t ] for 1? G G GL P 5 ©s and Q G the left-hand 

side of (2.5) for i? n converges in probability to the left-hand side of (2.5) 
for We remark that the use of Corollary 2.9 in Cerny and Kallsen (2007) 
exploits that S G Sf oc {P). 

By assumption, the VOMM Q exists. A slight modification of the proof 
of Lemma 2.2 in Delbaen and Schachermayer (1996) [since S is in S? JP) 
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instead of locally bounded] yields = c + J Q T ~d r dS r for some c > and 
€ e G LP and thus E^[Z^\T t ] = c + f*d r dS r , < t < T. Applying (2.5) 
with *& := "djc and using the Bayes rule therefore gives 

(Z?fE[(Z%f\F t ] > (Z?)\EQ[Z$\T t ])*V?(l) = (E[(Z%f\F t )fV t \l) 
and hence 

l/V t \l) > E[{Z®/zQ) 2 \T t ] >V t , 0<t<T. 
This completes the proof. □ 

Remark. For experts on mean-variance hedging, Proposition 2.2 is also 
a kind of folklore result. For the case where the filtration is continuous, it 
can, for instance, be found in Proposition 4.2 of Mania and Tevzadze (2003a) 
(with the remark that it extends to general F if S is continuous). But we do 
not know a reference for the level of generality given here. 

Henceforth, we often use the following simple fact: 

, « If B, C are of locally integrable variation and B <C 

' C, then also P p < C p . 

In (2.6), the (right) superscript p denotes the compensator or dual pre- 
dictable projection. This should not be confused with the predictable projec- 
tion of a process Y which is denoted by P Y, with a left superscript. The most 
frequent application of (2.6) will be for C = [M] , where C p = [M] p = (M) 
when M is a locally square-integrable local martingale. 

In the sequel, we focus on the case d = 1 so that S is one- dimensional. 
One can obtain analogous results for d > 1 (and we shall comment on this 
later), but the arguments and formulations look more technical without pro- 
viding extra insight. When S € S^ oc (P) so that S is in particular a P-special 
semimartingale, we write S = So + M + A for its P-canonical decomposition 
and note that M € -A^g loc (P) and A is predictable and of locally square- 
integrable (or even locally bounded) variation. If we also have F^ a (S) ^ 0, 
then it is well known that S satisfies the so-called structure condition, that 
is, that S has the form 

(2.7) S = S + M + A = S + M + J Xd(M) 

with M G M\ loc {P) and A G Lf oc (M); see Theorem 1 of Schweizer (1995). 
This implies that 



[A] 



J Xd(M) =^2(X S A{M) S ) 2 = (A 2 A(M)) • (M) < (M). 
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Because A is predictable, [M, A] is a local P-martingale by Yoeurp's lemma 
so that 

(2.8) [S] p = ([M] + [A]) p = (1 + A 2 A(M)) • (M). 

Now suppose that S G Sf oc (P) and ¥^ a (S) ^ 0. To describe the process 
q = V°(l) by a BSDE, we first introduce an auxiliary operation. Suppose 
Y is a P-special semimartingale with canonical decomposition Y = Yq + 
iV y + P y . Then [Y, [S]] = [N Y , [S]] + AB Y ■ [S], and if [N Y , [5]] is of locally 
P-integrable variation, we have by (2.8) and (2.6) that 

(2.9) [Y, [S]] p = [N Y , [S]] p + AB Y ■ [S] p « (M). 

Note also that the predictable stopping theorem gives AB Y = P AY = P Y — 
YL so that 

(2.10) F_ + AB Y = P Y. 

The auxiliary quantity we need is the predictable Radon-Nikodym derivative 

Finally, we introduce the notation 

(2.12) MiX) ■= P Y{1 + A 2 A(M)) + gX)- 

The condition that [N Y , [S]] is in ^,i oc (P) (and hence has a compensator) 
is, for instance, satisfied if Y is bounded, hence in particular for Y = q. 

Remark. In the context of the equations we study, the operation MX) 
in (2.12) can sometimes be simplified. If 5 is continuous, then so are [S] and 
(M), due to (2.7); so gX) and A{M) then both vanish and (2.12) reduces to 
the expression 

MX) = PY = Y - + abY - Looking ahead at (2.18), however, 
we see that we are interested in the case where B Y <C (M), and so we then 
also get AB Y = and hence N Y = Y_ . Finally, if even the filtration F is 
continuous, then L in (2.18) is continuous; so is then Y, and we end up with 
MX) = Y. 

Our next result shows that M(q) = A/"(^ 2 )) is always strictly positive. 
This is important since we later need to divide by M(q). 

Lemma 2.3. Suppose F^ a (S) / and S € S? oc (P). Ifq>5>0 for some 
constant 6, then 

(2.13) M(q)= p q(l + X 2 A(M))+g(q)>5, P ® (M)-a.e. on [0,T]. 
In general, we still have 

(2.14) M{q)>0, P® {M)-a.e. on [0,T]. 
Moreover, M(q) is locally bounded away from (uniformly in t,u). 
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PROOF. If q > 5, then B := q ■ [S] — 5[S] is in A^ C (P) and hence also 
Bf G A+ C (P). But B < [S], hence B*> < [5]" = (1 + A 2 A(M}) • (M) by (2.6) 
and (2.8), and so 

£ p = ( q . [5]) p - 5{1 + A 2 A(M)) • (M) 

'd(q-[S]r 



5(l + yA(M))j d(M)eAt c (P). 

Writing q = q_ + Aq and Aq ■ [S] = [q, [S]} and using (2.8)-(2.12) yields 

(q . [5])P = g_ • [S] p + [iV 9 , [S]] p + AB q ■ [5] p 
(2.15) =( p q(l + \ 2 A(M))+g(q)).(M) 

= jV(q)-(M). 

Thus we obtain 5 P = - 5(1 + A 2 A(Af))} • (M) G ^ C (P), and this 

implies (2.13) since A 2 A(M) > 0. In general, setting r n := inf{i > 0\q t < ^} A 
T (with inf = +oo) gives T n /*T stationarily because q > by Lemma 2.1, 
and q > ^ on D„ := [0, r„[u(fix {T}) since = 1- The argument for (2.13) 
now implies that J\f(q) > ^ holds P ® (M)-a.e. on and (2.14) follows 
since UneN ^« = . For the final assertion, note that the preceding proof 

shows that Af(q) Tn ~ > y t so that the nonnegative process 1/Af(q) is prelocally 
bounded. Since 1/J\f(q) is like J\f(q) predictable, it is therefore by Dellacherie 
and Meyer (1982), Remark VIII. 11 also locally bounded, and this means that 
N{q) is locally bounded away from 0. □ 

Remark. If d > 1, both [S] and (M) have to be replaced by matrix- 
valued processes ([5 l , S 3 ])^—^^ and ((M ! , M J '))jj = i v „ )( j. We then take a 
predictable 5 G Aoc( P ) wi * h {M\M 3 ) = ^ ■ B < J5 and define the matrix- 
valued predictable process g(q) by 

(2 , 6) g?W:= g!M , < t <T. 

dn t 

Analogously to Lemma 2.3, one can then prove that 

(2.17) M(q) := p q(fi + (//A) tr fiXAB) + g(q) is positive definite P <g> B-a.e. 



Recalling the notation (2.12), we now consider the backward equation 

"t f„i, i \ pv ^2 rt 

■d(M) s + / ip s dM s + L t 
Jo 



{tps + A s p y s ) 2 
— a/" (y) — " 







(2.18) =y + / pvn i; 2 L;. A S A , v , d{M) a + / ^ s dM s + L t 

j py(i + AfA(A/) s ) +5 S (y) y 



y T = i. 
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A solution of (2.18) is a triple (Y,tp,L), where L is a local P-martingale 
which is strongly P-orthogonal to M, ip is in L\ oc (M) and Y = Y + N Y + B Y 
is a P-special semimartingale with [iV y , [S]] G >4,i oc (P). Note that A and M 
come from 5 via (2.7). With a slight abuse of terminology, we sometimes 
call Y instead of the whole triple (Y,^,L) a solution; any properties then 
only refer to Y . 

Denoting the stochastic exponential started at time t of a semimartingale 
X by 

/U 
t £(X) r _dX r = £(X -X%, t<u<T, 

our first main result is the following description of V°(l) = q via a BSDE. 

Theorem 2.4. Suppose that S G S? oc (P) and P^ ff (5) / 0. Then: 

(1) T/ie following two assertions are equivalent: 

(a) For every t E [0, T], there exists an optimal strategy i?*'*(l,0) € 
9t,r(0) /or (l.;8j with x = l,H = 0. 

(b) There exists a solution (Y,ij),L) to the BSDE (2.18) having L€ 
A4q 1oc (P), tp € Lf oc (M), Y bounded and strictly positive and such 

that for every t £ [0, T], the process ( t £(— ^n^y ' S)u)t<u<T is in 
If (a) or (b) /ioW ; then the optimal 0) is for every t given by 

( , 19) tf M = -^(-^.^, t£ « £ r, 

anci <7 = V°(l) is i/ie unique bounded strictly positive solution of (2.18). 

(2) Suppose, in addition, that there is some QGPg .(5') satisfying the re- 
verse Holder inequality R,2{P). Then q = V°(l) is the unique solution to 
the BSDE (2.18) in the class of processes satisfying c<Y <C for pos- 
itive constants c,C. Moreover, the optimal i?*'*(l,0) exist and are given 
by (2.19). 

Proof. Throughout this proof, we write $*'* for i?*'*(l,0) and denote 
by to a generic local P-martingale that can change from one appearance to 
the next. 

(1) For part (1) of Theorem 2.4, we start by deriving the BSDE (2.18). 
By part (1) of Lemma 1.5, q = is a P-submartingale, hence a P-special 
semimartingale with canonical decomposition q = qo + N g + B q , and < q < 
1 implies that q G S^ oc (P) and N q has bounded jumps and is in -A4q 1oc (P). 
The Galtchouk-Kunita-Watanabe decomposition thus allows us to write 



(2.20) 



q = q + ip-M + L q + B q 
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with Lp G L 2 oc (M) and L q € Mq 1oc (P) strongly P-orthogonal to M. Com- 
bining this with (2.7) and Yoeurp's lemma then gives 

[q,S\=m + <p-[M\ + [A,B«] 

(2.21) 

= m + (ip + XAB q ) ■ (M). 

We now apply Ito's formula to the process Xf u := x + J. u i? r dS r , t < u <T, 
for x E R, t £ [0,T] and i?€0. (We sometimes omit writing the dependence 
of X on i.) This gives 

(2.22) (X») 2 = x 2 + 2 I" X*_$ r dS r + r$ 2 r d[S] r . 

Jt Jt 

Next we apply the product rule with (2.22), (2.20), (2.7), (2.21) and then 
use A = J Xd(M) and • [S] + [q, [S]} = (<?_ + Ag) ■ [S] = q- [S] as well as 
(2.8), (2.10) for q and (2.15) to obtain 

(X( u ) 2 q u - x 2 q t =m u - mt + J (Xf_) 2 dB q 

+ 2 f q r _Xf_$ r dA r + f q r -$ 2 r d[S] r 
Jt Jt 

+ 2 X?_# r (tp r + A r AB q ) d(M) r + #1 d[q, [S]] r 
Jt Jt 

/u 
(X?_) 2 dB? 

+ f U (2X?_& r (Vr + K P qr) + ^r(?)) d(M) r 

/U 
f(r,Xf r _;$) dC r , 

where C <G ■A^ c (-P) is a predictable process with B q = J (3dC, (M) = J vdC, 
and 

/(r,y;i9) := y 2 f3 r + G r (y,$ r )v r 

(2.24) 

:= y 2 p r + (2y# r ((p r + X r p q r ) + & 2 Af r (q))v r 

is a quadratic polynomial in y with random processes as coefficients. Replac- 
ing Ct by Ct + 1, we can assume that C, as well as its continuous part C c , 
is strictly increasing. 

By Corollary 1.2, {{Xf u ) 2 q u )t<u<T is a P-submartingale for every d £ 
and a P-martingale for the optimal $*'* GO, if that exists. This means that 
the dC-integral in (2.23) is increasing for every $ £ and identically for 



(2.23) 
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= 0*'*, and the same then applies separately for the corresponding integrals 
with respect to the continuous and purely discontinuous parts C c and C d 
of C. Similarly as in Mania and Tevzadze (2003a), we therefore obtain for 
each ieM, 

(2.25) essinf f(r, x; 0) = x 2 f3 r + v r essinf G r (x, r ) = 0, P<g)C-a.e.; 

i960 #60 

the details for this step are a bit more technical and are postponed to step 
(2). Using the definition of G r (y,$ r ) in (2.24) and completing the square 
gives 

(2.26) G r (x, r ) = MM ( 0, + 2 - ^ {iPr + KPqr? 



K(q) J K(q) ' 

and we claim that for a localizing sequence (r n ) n6 N, 

(2-27) 0" := -x^±^I M € 0. 

Indeed, AA(g) is locally bounded away from by Lemma 2.3, and p q is 
bounded like q due to Lemma 1.5. Moreover, J X 2 d(M) is locally bounded 
since it is predictable and ROLL, and ip is locally in L 2 (M) by construction. 
Thus we obtain via Cauchy-Schwarz that both (p and A, and then also the 
ratio in (2.27), are locally in L 2 (M) n L 2 (A) = 0, as claimed. Inserting n 
into (2.26) makes the first term in (2.26) vanish for n — > oo and thus yields 

• t n i u 2 fa + K p q r ) 2 Vr ^ n 

essmi G r (x, it r ) = — x , -. , . , F®L-a,.e. 

•dee N r (q) 

Plugging this into (2.25) and integrating gives B q = J (3dC = J d(M), 
and plugging that in turn into (2.20) shows that the triple (q, if, L q ) solves 
the BSDE (2.18). Moreover, we see from Lemma 2.1 and q < 1 that q is 
strictly positive and bounded. 

(2) To prove (2.25), we use the same basic approach as in Mania and 
Tevzadze (2003a), but we must be more careful and handle jumps since S is 
not continuous. For ease of notation, we sometimes omit the third argument 
of /. We first write C = C c + C d and denote by (Tk)keN a sequence of 
stopping times exhausting the jumps of C d (or C). Each is predictable 
because C is predictable. By Corollary 1.2, we then have with probability 1 
that C.(uj) is RCLL and simultaneously for all rational s € [0, T] that 

(2.28) / f(r,Xf r _;0)dC ri s<u<T, is increasing, 
J s 

(2.29) / f(r, X^ r _; 0) dC c r , s<u<T, is increasing, 

is 
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for each t?£0, and for the optimal t?*' s , the processes in (2.28) and (2.29) 
vanish identically. Indeed, (2.29) follows from (2.28) since the process in 

(2.29) is simply the continuous part of the process in (2.28). For any Tfc, we 
thus have with probability 1 that 

I k{) f(r, Xf ir _; dC r (uo) > for all rational s < T k (oo). 

J s 

Because T k is predictable, there are stopping times (o"^)neN taking only 

rational values and such that linv^oo = r k and < r k on {r k > 0} = 
f2; see Theorem IV. 77 in Dellacherie and Meyer (1978). Thus we obtain for 
P-almost all u that 

f(r, X% ; dC r (u) > for all k and n. 

These integrals tend to f(r k , lf t _^;!?)(a))AC Tft (w) = /(r fc , x; i5)(w)AC Tfc (w) 
as n — > oo because X£ _ r = x, and so we get 

(2.30) f(r k , x- $)AC Tk > for all k G N, P-a.s., 

which means that f(-,x; i?) > P ® C rf -a.e., for each $ € 0. For the optimal 
we get the null process in (2.28), hence equality in (2.30), and so we 

have 

(2.31) essinf/(-,a;;??) = 0, P®C d -a.e. 

For the continuous part C c , (2.29) gives with T s (e) := inf{i > s|C t c > C c s + 
e} that 

(2.32) f S{ ) f(t, Xl t _;#) dCf > for all rational s G [0, T], P-a.s. 

J s 

We claim that for each u> s, 

f(t, Xfj_ ; i?) dC£ is P-a.s. right-continuous. 

Postponing the argument for the moment, we obtain that the inequality 
in (2.32) also holds for all s G [0,T], P-a.s. Setting a t (e) := inf{s > 0|Cf > 
Cf — e}, we then get as in Appendix B of Mania and Tevzadze (2003a) via 
Fubini's theorem that (dropping arguments •& from /) 

rT x r r a (e) 

f(t,X»)dCZ-f(s,x) 



dc c : 



(2.34) ^f-f \f(t,Xl t _)-f(t,x)\dC<dCt 

JO e Ja t (e) 

+ [ T - r (£) \f{t,x)-f{s,x)\dC c t dC c s 

JO £ Js 
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this uses that / \ — C c s = e by continuity of C c . The second term on the 
right-hand side of (2.34) tends to as e \ by Corollary B.l in Mania and 
Tevzadze (2003a). Writing 



&?:=sup{|X; t _ 



■ x||cj 4 (e) < s < t} 



sup 



t- 



$ r dS r 



o t {e) <s<t\, 



we have at (e) t for e \ by continuity of C c and therefore b\ \ as e \ 0. 
Moreover, we have (uniformly in e and i) b\ < 2sup < r <r |$ ■ <SV| which is in 
L 2 (P), hence P-a.s. finite, for i?£9. The first term on the right-hand side 
of (2.34) can now be estimated above by 



T 



sup{|/(t, y; 1?) - f(t, x;0)|||y-x| <&£} dC\ 



h £ {t-$)dCt 



since C t c — C£ t (e) = e ^y continuity of C c . Now we use the definition of / in 
(2.24) to obtain 

he(t;0) < (b £ t ) 2 \p t \ + b £ t (2\f3 t \\x\ + 2v t \# t \{\<p t \ + |A t |%)). 

This shows that P-a.s., h e (t; , d) — >■ for all t as e \ 0. Moreover, 6f can be 
bounded uniformly in e and t, P-a.s., and using 



(2.35) 



(2.36) 



\Pt\dC c t < 



T 



Ml, 



i/t|i?i|(|^| + |At|%) dQ c 

T \ 1/2 



< 



\ \ V2 

^ 2 + A 2 U<M), 



shows that we can apply dominated convergence to get / /i e (t;tf)dC t c — >0 
as e \, 0, P-a.s. With a similar argument, we can prove (2.33). Indeed, for 
s n \ s, we have 



i9 

s,i- 



idC t c 



</ \f(t,X»)\dCZ+ \f(t,Xt t _)-f(t,Xf t _)\dC, 



t > 



and the first term on the right-hand side tends to P-a.s. as n — > oo by con- 
tinuity of C c . Writing /i n (t) := \f(t,X* t _) - /(t,Xf njt _)|, we have h n (t) -»■ 
as n — >■ oo by the right-continuity of the stochastic integral and since / from 
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(2.24) is continuous with respect to the second argument y. So (2.33) will 
follow by dominated convergence as soon as we show that 

(2.37) f suph n (t)dCf < oo, P-a.s. 

JO nGN 

But the definition of / in (2.24) yields that 
h n (t)<4\p t \(\x\ 2 + sup \$-S r \ 2 )+2\v t \\$ t \(\<p t \ + \\ t \ p q t ) sup \0 ■ S r \, 

V 0<r<T J 0<r<T 

and so (2.37) follows again by (2.35) and (2.36) because sup 0<r<T < oo 

P-a.s. This establishes (2.33). 

Putting together all the results so far, (2.34) therefore yields that with 

probability 1, we have ± f^'^ f(t, X* t _; i?) dCf — >■ /(«, x; ■&) in ^(dC ) 
as e \ 0. Together with (2.32), this gives f(-,x; i?) > P ® C c -a.e., for each 
i? € 0. For the optimal we again get equality so that finally 

ess inf f(-,x; i?) = 0, P <g> C c -a.e., 

i960 

and combining this with (2.31) yields (2.25). 

(3) We next show that for fixed t is given by (2.19). Since (q,p,L q ) 
satisfies (2.18), Ito's formula gives via (2.22) and (2.8)-(2.11) like in (2.23) 
for any $ € O that 

{Xi) 2 q u - x 2 q t 

= m u -m t 

(2.38) 

+ g r _^(l + \ 2 r A{M) r ) + 2X?_# r (tp r + \ r AB?) 



+ #i(AB?(l + \ 2 r A(M) r )+g r (q))) d(M) r 

= m u -m t + P UVKt$)+ XfL ) 2 d(M) r . 

By Corollary 1.2, the process in (2.38) is a martingale on \t,T\ for the 
optimal '&*' , and so 

(2.39) = -XT'* , P ® (M)-a.e. on ]t , TJ . 

Integrating with respect to S thus shows for x = 1 that A' 1 ' '* = 1 + f dS* 
satisfies the linear SDE Xjf*'* = 1 - /" X*? Vr tfY) r dS r for t < u < T, and 
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this implies that 

(2.40) X^^sf-^^L-S 



Because is in 0, we have X^*'* G S 2 (P) so that the stochastic exponential 
is indeed in S 2 (P); and plugging (2.40) into (2.39) yields the expression 
(2.19) for Since t was arbitrary, we have now shown that (a) implies 
(b) and that we then have (2.19). 

(4) Conversely, let us start from (b). Again fix t. Using the fact that 
(Y, ip,L) solves the BSDE (2.18), we obtain completely analogously as for 
(2.38) for any d G L(S) that 

(Xf L ) 2 Y u -x 2 Y t 

(2-41) 

= m u -m t + [ U U r VA^y) + Xf_ A ) 2 d(M) r 

for t < u < T. So (X^) 2 Y is a local P-submartingale on [[i,T]]; but since 
Y is bounded and 1 + •& ■ S G S 2 {P) for •& G G, we get that (X^) 2 Y is ac- 
tually a true P-submartingale on [i,T] so that Yp = 1 gives Y t < E[(l + 
jf ® r dS r ) 2 \P t ] for any G 6. The definition in (2.1) thus yields Y t < V t °(l) = 
qt for all t G [0,T]. To prove the converse inequality, define the predictable 
process by the right-hand side of (2.19). Integrating then shows as for 
(2.40) that X® * = t £(— ^jfFpr • an d because this stochastic exponen- 
tial is in S 2 (P) by the assumption in b), we see that coming from 
(2.19) is actually in 8. Plugging into (2.41) shows by (2.19) that the 
(i(M)-integral vanishes; so (X^ * ) 2 Y is a P-martingale on [i, T] and hence 

F t = E[(l + jf^d^) 2 ^] > F t °(l) = q t by (2.1). So we obtain Y = q, 
hence also ip ■ M = ip ■ M, L = L q , and this shows that any solution of (2.18) 
with the properties in (b) coincides with (q,{p,L q ), giving uniqueness. Fi- 
nally, Y = q shows that (X^) 2 q is a P-submartingale on [t, TJ for any i?G0 
and a P-martingale for i? = i?W g Q; so is optimal by Corollary 1.2 and 
in particular, an optimal $*'*(1,0) = exists. Since t was arbitrary, we 
have also shown that (b) implies (a), and part (1) of Theorem 2.4 is proved. 

(5) It remains to prove part (2). But if there is some Q G P 2 cr (S') with 
P 2 (P), the space L 2 {F U P) + G t>T {@) = {X + $-S T \X G L 2 {T U P),0 G 6 t , T } 
is closed in L 2 (P) by Theorem 5.2 of Choulli, Krawczyk and Strieker (1998), 
for every t, so that an optimal 0*'* exists. Moreover, we then have q > 5 > 
by Lemma 2.1, and so part (2) follows directly from part (1). □ 



Remark. If d > 1, the backward equation (2.18) looks more compli- 
cated. Using the notation from the remark before Theorem 2.4, in particular 
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(2.16) and (2.17), the equation reads 

Y t = Y + f (ip s + A/Y^VWlOrW^ + A/Y) dB s 
Jo 

+ I i{j s dM s + L t , 
Jo 

Y T = l, 

where M S (Y) := p y s (/x s + (fi s X s ) tr fi s X s AB s ) + g s (Y). We do not give details. 

For later use, we record the following consequence of Theorem 2.4. 

Corollary 2.5. Under the assumptions of Theorem 2.4, suppose (a) 
or (b) there hold. Define 

(242 ) 7 - t±^l = ^ + APy 

K } 7 ' N(Y) py(l + A 2 A(M))+g(y)' 

where (Y,ip,L) is the solution of the BSDE (2.18), and recall the process 
yi 1 ) from the quadratic representation (1.6) of V H . For every t G [0, T], we 
then have 

(2.43) vl 1] = E[H f £(j ■ S) T \T t ], P-a.s. 

and the process (*£(7 • S) u Vu^)t<u<T is o, P-martingale on ft, T]. 

Proof. Fix t. Because we have 1 + ^ ■&*/{!, 0) dS r = Xf'* = *£(7 • S) T 
by (2.40) and the definition (2.42) of 7, (2.43) follows directly from (1.8). 
Moreover, it is easy to check that for any semimartingale X and any u<T, 
we have U 8{X) T = §gk P-a.s. on {£{X) U ^ 0} and £{X) T = P-a.s. on 

{£(X) U = 0}. Taking X := 7 • S — (7 • S) 1 , u > t and setting for brevity 
D u := {*£(7 • S) u ^ 0} therefore gives the desired martingale property via 

• 5)„4 1 ) = I D j£(l • S)„P[P"£( 7 • S) T \T U ] 

= I Du E[H t £{ 1 .S) T \F u ] 

= E[H t £{ 1 -S) T \T u }; 

integrability holds since H G L 2 (P) and *f (7 • 5) G S 2 (P) by part (lb) of 
Theorem 2.4. □ 

As before, we can connect our results to the dual problem, as follows. 



Proposition 2.6. Under the assumptions of Theorem 2.4, suppose (a) 
or (b) there hold. Then the variance-optimal signed martingale measure Q G 
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a (S) is given by 



(2 - 44) ip=% £ \-^fW s ) T = % £{1 - s)T > 

where (Y,ip,L) is the solution of the BSDE (2.18). If we have, in addition, 
that 

PY t (l + \tA(M) t ) + g t (Yy 
(2.45) 

>-l, P-a.s.forO<t<T, 
then the VOMM exists and is given by Q from (2-44)- 

Proof. From the BSDE (2.18) and Ito's formula, we obtain by straight- 
forward computation that the product Y£(— ^^yJ ■ S) is a local P-martingale, 
and it is even a true P-martingale since Y is bounded and the_ stochastic 
exponential is in S 2 (P), and so (2.44) defines a signed measure Q<P with 

P-square-integrable density process = ^£{— j§wy ■ S) and Q[Q] = 1. 
Note for (2.44) that Yp = 1. Another straightforward but slightly lengthier 
computation shows that Z®S is a local P-martingale so that Q 6 Ps (7 (S'). Fi- 
nally, the representation (2.44) of as a constant plus a "good" stochastic 

integral of S implies that Q is variance-optimal; see, for instance, Lemma 2.1 
in Delbaen and Schachermayer (1996). Note here that the same argument 
as in step (4) of the proof of Theorem 2.4 implies that the integrand i9 := 
^7£(7 • S)- is in G so that # ■ S is a Q-martingale for every Q € P^ a (S). 

If (2.45) holds, then clearly > 0; so Q is then equivalent to P, hence in 
P^(S), and is the VOMM. □ 

Remark. From (2.43), the proof of Proposition 2.6 and Y = v^ 2 \ we 
can see that under the assumptions of Theorem 2.4 and (2.45), the process 



v^8{ 1 -S)=v {1) Y Q Z Q /Y 



is a P-martingale with final value H£(j ■ S)t = HYqZ®. This implies that 

^ = ir = EQ[H\T t ], 0<t<T. 
vl it 

3. Mean-variance hedging: From (1,0) to (x,H). Recall from Theo- 
rem 1.4 that the dynamic value process of the mean- variance hedging prob- 
lem has the quadratic form 

(0) _ 9„(1) (2) 



V H ( X ) = V (°) -2v il) x + v 



X 
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Our goals in this section are to describe the coefficient processes v^°\v^\ 
t/ 2 ) via backward stochastic differential equations (BSDEs) and to give ex- 
plicit expressions for the optimal strategies This will be done 
under the same assumptions as in Section 2. 

A general solution for the MVH problem has been given by Cerny and 
Kallsen (2007) in their Theorem 4.10 and Corollary 4.11. However, that 
solution involves either a process N which is very hard to find [see Cerny and 
Kallsen (2007), Definition 3.12] or the variance-optimal martingale measure 
[called Q* in Cerny and Kallsen (2007); see their Proposition 3.13] which is 
also notoriously difficult to determine. With our approach, we can be more 
explicit. 

To formulate our main result, we introduce the system of BSDEs, 
(3.1) dYP = ^^^d{M) s + ^)dM s + dLf), Y V = 1, 



(3.2) 



dY(1) _ (^ 2) + wi 2) )(^ 1) + A a py^) 

+ 4 1 UM s + dL < s 1 \ Y^=H, 



(3.3) dY p = ( ^^ 1))a d(M) s + dN®, Y^=H\ 

A solution of this system consists of tuples (Y^ ,tp^ 2 \ L^), (yW,^ 1 ),!^ 1 )), 
(y(°),iV( )) where V (2) ,V' (1) are in L\ oc (M); LC 2 ),^ 1 ) are in M ,i oc (P) and 
strongly P-orthogonal to M; is a local P-martingale; and Y ^ , Y^ 1 ' , Y^ 
are P-special semimartingales with [N Y ^ 2 \ [S]] € A\ oc (P). We point out that 
(3.1) is the same equation as (2.18) before Theorem 2.4. Note also that (given 
the equation (3.2) is linear and can therefore be solved ex- 
plicitly; and y(°) and for (3.3) can even be written down directly. In 
the case where S is continuous, this system has been obtained and studied 
in Mania and Tevzadze (2003a) or (under the additional assumption that 
F is continuous) in Bobrovnytska and Schweizer (2004). For a Markovian 
setting within a Brownian filtration, the corresponding PDEs can also be 
found in Bertsimas, Kogan and Lo (2001), with a heuristic treatment. 

Theorem 3.1. Suppose (as in Theorem 2.4) that S € Sf oc (P) and 
P 2 (7 (S)/0, and fix H eL 2 (T T ,P). Then: 

(1) The following two assertions are equivalent: 

(a) For every t € [0, T], there exists an optimal € 0t,r(O) for 

(1.2) for every x € R. 



24 JEANBLANC, MANIA, SANTACROCE AND SCHWEIZER 

(b) For each igl, there is a solution to the BSDE system (3.1)-(3.3) 
with: 

(i) L( 2 ) € Ml^JP), ^ (2) G Lf oc (M), F( 2 ) bounded and s£ric% 
positive, and with the property that for every t E [0, T], the 
process (*£(- ^/t^t^ ■ S) u ) t < u <T is in S 2 (P); 

(ii) LWe^yP), ^« G L 2 oc (M) 5 |yW| 2 0/ c/ass «^ 

sttc/i t/zat /or euen/ i E [0,T], i/ie solution of the linear 
SDE 

x(t) _ r ^ + ^rP _ + 

A " " x + i f M.(y(2)) dir y t a/;(y( 2 )) r " r 

(3.4) 

on |t,Tj is in <S 2 (P); 

(iii) y(°) is a irae P-submartingale and (hence) of class (D). 

If (a) or (b) holds, then the value process V H from (1.2) admits the 
representation 

(3.5) V H (x) = v^ -2v^x + v^x 2 , 

where the processes v^ 2 \ satisfy the BSDE system (3.1)-(3.3), 

and for every t € [0, T], the optimal wealth process X^*' = x + J^"$*'*(a;, 
H)dS r , t<u<T, satisfies the SDE (3.4) and t?*' 4 = i?*'*(a;,F) is given 
by the feedback formula 

,/,« + \ pvW ? /,( 2 ) + a pyP) 

{6 - b) K - Af u (Y( 2 )) MJyW) t ^ u ^ 1 ' 

(2) Suppose, in addition, that there is some Q € ¥^ (S) satisfying the re- 
verse Holder inequality R%(P). Then the value process V H from (1.2) 
has the form (3.5), where the processes v^ 2 \v^\v^ are those unique 
solutions of the BSDE system (S.l)-(S.S) for which F<°) and \Y^\ 2 
are of class (D) and c < Y^ < C for constants C > c > 0. Moreover, 
for every t € [0, T], the optimal strategy ^* ,l {x : H) for (1.2) exists, and 
its wealth process X®*' satisfies the SDE (34). 

Remark. The integrability condition on the exponential in (i) is not 
really needed. In fact, like in the proof of Theorem 1.4, one can argue that 
we have i9*'*(l,0) =-&*> t (l,H) - #*'*(0, H) so that the integrability required 
in (i) follows from that in (ii). But for simpler comparison with Theorem 2.4, 
we have kept the formulation as a condition. 

Proof of Theorem 3.1. As in the proof of Theorem 2.4, we denote 
by m a generic local P-martingale that can change from one appearance to 
the next. 



MEAN- VARIANCE HEDGING AND BSDES FOR SEMIMARTINGALES 25 



(1) We first note that as in Theorem 1.4, the existence of optimal strate- 
gies $*'*(]., 0) (for x = 1,H = 0) follows from (a) and is, by Theorem 2.4, 
equivalent to the solvability of (3.1) such that (i) holds in (b). So let us 
start from (a). We note that (3.5) holds due to Theorem 1.4, and first derive 
the BSDE for By Lemma 1.5 and the Galtchouk-Kunita-Watanabe 
decomposition, we have 

(3.7) = + m« + a« = + ■ M + L« + a« 

with V> (1) £ Lf oc (M), G .Mo loc (P) strongly P-orthogonal to M, and 
predictable and of finite variation. Exactly as for (2.21), this yields 

(3.8) [v {1) ,S] =m + + AAa (1) ) • (M). 

Now fix t, recall 7 from (2.42) in Corollary 2.5 and write £ := t £ (7 • S) for 
brevity. Then combining d£ = £_7 dS with the product rule, (3.7), (2.7), 

(3.8) and (2.10) yield 

£ V W = m + S-- aW + (u a) £_ 7 A) • (M) 

(3.9) + (£-j(ip {1) + AAa (1) )) • (M) 

= m + £_ ■ (a^ + ( 7 (^ (1) + AM 1 ))) • (M)). 

But we know from Corollary 2.5 that £v^ is a P-martingale on [i, T], and 
so the predictable finite variation term on the right-hand side of (3.9) must 
be identically zero. With C € -4-i^ c (-P) predictable and such that cS 1 ) <C C, 
(M) <C C, we thus obtain that the process J*£(7 • S)_{^ + 7(^ (1) + 

^ Pv ^) ^T"} ^ vamsnes identically. Since t £( r y ■ S)t = 1, we can argue anal- 
ogously to steps (1) and (2) in the proof of Theorem 2.4 to get 

^ +7 (^ + AP^))^ = 0, P^C-a.e. 
Integrating with respect to C gives 

„N - - / 7W « + ^(M) - J W ' 2, + AP ^' ) " +AP " , " ) -W. 

and plugging this into (3.7) shows that {v^\^ l \ L^) satisfies the BSDE 
(3.2). Moreover, as already used, we know from Lemma 1.5 that l^ 1 )) 2 is of 
class (D), and it only remains for (ii) to check the last integrability property. 

(2) We next argue that the BSDE (3.3) has a solution, starting with a 
calculation that is used again later. Fix t, take any $ in and consider as 
in the proof of Theorem 2.4 the process Xf u := x + f^firdSr, t <u <T. 
(Again, we usually do not explicitly indicate the dependence of X® on the 
starting time t, nor on x.) Lemma 1.5 yields = 777A ) + a^°\ and as 
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satisfies the BSDE (3.1), the same computation as for (2.38) gives, with 
(2.42), that 

(Xtfv^ - x 2 vf ] =m u -m t + f\ti r - lr X?_ ) 2 N r (v^) d(M) r . 

Finally, using the product rule, (2.7), the BSDE (3.2) for v w , (3.8) and 
(2.10) leads to 

d(vV>X*) = v ( y$dS + Xt dvW + 1? d[vW , S] 

= dm + v W $\d(M) -A^ 7 (V> (1) +X p v^)d(M) 

+ tf(V> (1) + XAa w )d(M) 
= dm + tyM + A p uW)(tf _ 1 xt)d(M). 
Using (3.5) and adding up therefore gives 

= V t H ( X ) + a^-af 

(3-10) 

- J 2(</>« + Wv^Wr - J r Xf_)d(M) r 

(0 r - ~/ r X?_) 2 K(v {2) ) d(M) r +m u - m t . 

Now choose x = and •& of the form •& = yht,g t J f°r some constant y € 
R, where the stopping time Qt > t is chosen such that $ is in 0; this is 
possible because S is in S 2 oc (P). Then # r = yl{t< r < et } and A"^_ = y(S r - — 
St)I{t<r<ot}i an d Pegging this into (3.10) and collecting terms gives 

Vf(X*) - V t H (0) 

= of - af - 2 y y(^) + A r P^))(l - (S r _ - 5 t ) 7r ) d(M) r 

y 2 (l - (5 r _ - 5 i ) 7r ) 2 AA r ( W ( 2 )) d(M) r + m u - m t . 

By Proposition 1.1, this process is always a P-submartingale on [t,T]. So if 
we take a predictable C € Af oc (P) with (M) < C and a (0) <C C, we obtain 
that the process 

^y 2 (l- 7r (5 r _-^)) 2 M,(^ 2 )) 
- 2y(4 1) + W^Xl - 7r(^ - 5,))) + ^ dCr 



MEAN- VARIANCE HEDGING AND BSDES FOR SEMIMARTINGALES 27 



for t <u <T is, for all t £ [0, T] and y € M, an increasing process. Again 
arguing as in steps (1) and (2) of the proof of Theorem 2.4 and using that 
S r - — S s —> when s increases to r (used for the jumps) or when r decreases 
to s (used for the continuous part), we get 



for all y G R, P ® C-a.e. 



y 2 Af(v( 



dC 



H > 

dC dC ~ 



Because Af(v^) > by Lemma 2.3, we conclude that 



(3.11) 



(i/jW + \P v Wf d{M) < do(°) 



dC 



dC ' 



P <g> C-a.e. 



o(°) — ^ ( j^p(2)) ^ d(-^f)} is an increasing process, and 



This implies that J" {d 

since c^ ) is P-integrable because v ^ is a P-submartingale by Lemma 1.5, 
we obtain that 

<- T (4 1} +W 1} ) 2 



So if we define 



(0) 



(3.12) 



jv< 0) + 



A/^ 2 )) 

*(4 1) +W 1) ) 2 



< oo. 



d(M), 



d(M) r , 



/o K(v&) 

then clearly (y(°),JV(°)) solves (3.3), and is a true P-submartingale. 
This shows that there exists a solution to (3.3) with (iii), but we do not 
know yet if «(°) =y(°). 

(3) To finish the implication "(a) ==> (b)," we now want to prove that 
each JST^OMO satisfies (3.4) and that */°) = y<°). We again fix t, take tfeB 
and do the same calculation as in (3.10). Completing the square then gives 

V u H (X%) = V t H (x)+m u -m t 

' da (0)_(4 1) +K p vPr 



(3.13) 



+ 



+ 



■ d(M), 



By Proposition 1.1, this process must be a P-martingale on §t,Tj if we 
plug in for $ the optimal (a;, H). Because both integral terms on the 



28 JEANBLANC, MANIA, SANTACROCE AND SCHWEIZER 

right-hand side are increasing due to (3.11), they must then both vanish 
identically, on §t,Tj for every t. This first gives that 

(3.14) a<°>= / [V J*l ' d(M), 



and as =m^ + is a P-submartingale, comparing (3.12) and (3.14) 
yields = N^°\ hence = Y^°\ and so (v^°\m^) solves the BSDE 
(3.3) and also is the unique solution satisfying (iii). Second, we obtain for 
the optimal strategy = i &*' i {x,H) that 

which is (3.6) in view of the definition (2.42) of 7; recall that {v^\^ 2 \L^>) 
solves (2.18). Integrating with respect to S shows that X®*' satisfies the 
SDE (3.4) on [i, T], and since is in O, the unique solution of (3.4) is in 
S 2 (P). So we have now proved that (a) implies (b), and also that we then 
have (3.5) and (3.6). 

(4) Conversely, let us start with (b); then we have to prove the existence 

of an optimal d**(x,H). Fix t, set W u {x) := Y u (0) - 2Yj 1) x + yJ 2) x 2 for 
t < u < T and use (2.22) and the BSDEs (3.1)-(3.3) for Y & , Y W , Y (°) to 
compute as for (3.10) and (3.13) that for any 6 0, 

W u (Xi) = W t (x)+m u -m t 
(3.15) 

'X 1 ) _l \ Pv(l)\2 



+ 



for t <u <T. So W^.X' 1 ') is a local P-submartingale on [t,T]; but we also 
know from (b) that Y^ is of class (D), Y^ is bounded, and (Y^l 2 is of 
class (D). Since X^ is in S 2 (P) for every 1? £ 6, we see that W(X^) is thus 
of class (D), hence a true P-submartingale, and so 



Wt{x)<E[W T {Xp)\Tt]=E 



T \ 2 

H-x- I $ r dS,, 



for any t)£0. This yields Wt(x) < V^(x) by (1.2). Conversely, if we take 
the solution X® of (3.4) and define 

^) + Apyw _ v/ 2 ) + Apy( 2 ) (t) 
AA(y( 2 )) jV(y( 2 )) ' 

then integrating with respect to S shows that X^ = x + JV dS r equals 
, since both satisfy (3.4), and is in S 2 (P) due to (b) so that $W is in O. 
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Moreover, plugging in i?^ for i? shows, similar to the argument for (3.15), 
that W{X' di ' t) ) is a (true) P-martingale on [i, T\. This implies that 

r-T \ 2 



W t (s)=£ 



H-x- $i l) dS,, 



>V t H {x), 



and so we conclude that Wt{x) = V t H (x) and that i?w is optimal for (1.2), 
giving existence of i?*'*(x, -ff) This proves that (b) implies (a) and 

that we then also have W(a;) = V^ar) for all x, hence Y"W = «W for i = 
0, 1, 2. This ends the proof of (1). 

(5) Finally, the assertion of part (2) follows, similarly to Theorem 2.4, from 
the proof of part (1); we only need to notice again that L 2 (Ft,P) + Gt,T(@) 
is closed in L 2 (P) for every t. □ 

4. Alternative versions for the BSDEs. In this section, we give equiva- 
lent alternative versions for the BSDEs obtained in Sections 2 and 3. One 
reason is that in some models, these versions are more convenient to work 
with; a second is that it allows us to discuss how our results relate to existing 
literature. 

For reasons of space, we only look at (2.18) or (3.1) in detail; this is 
the most complicated equation. Throughout this section, we assume as in 
Theorem 2. 4 that S € S 2 (P) and F 2 a (S) ^ 0. For convenience, we recall 
that (2.18) reads 

(4.1) Y t = Y + / K Z° S) d(M) s + / 4> s dM s + L t , Y T = 1, 

JO ^s{j: ) Jo 

where JV(Y) = P Y(1 + A 2 A(M)) + g(Y) and g(Y) = d[ ^]f ] " , as in (2.12) 
and (2.11). A solution of (4.1) is a priori a tuple (Y, ift, L) with L € MQ t \ oc {P) 
strongly P-orthogonal to M, ip 6 L\ QC (M), and Y a P-special semimartingale 
such that [N Y , [S]} € A loc {P). In view of Theorem 2.4 (where Y is bounded), 
we restrict ourselves to solutions with ip £ Lf oc (M) and L G A / (q 1oc (P). For 

better comparison with (3.1), we really ought to write a superscript ^ for 
Y,ip,L, but we omit this to alleviate the notation. 

4.1. Working with M d . The BSDE (4.1) is written with the local P- 
martingale M from the canonical decomposition S = Sq + M + A = So + 
M + j Xd(M) of S. In simple models with jumps, it is useful to split M = 
M c + M d into its continuous and purely discontinuous local martingale parts 
M c and M d , respectively. Then (M) = (M c ) + {M d ), and we define the 
predictable processes 

rc ._ d(M c ) d _ d(M d ) _ 

■ d{M) ' ' d(M) 



30 



JEANBLANC, MANIA, SANTACROCE AND SCHWEIZER 



We now consider the backward equation 

y-y + P (« + ^a-^) + A/y,) 2 

Yt - Y0 + J PY a (l + X^(M) a ) + g a (Y) d{M)s 

(4.2) + / r s dM^+ ( tp d dM d + L' t , 

Jo Jo 

Y T = l. 

A solution of (4.2) is a priori a tuple {Y,tp c ,tp d ,L') with L' G Mo,ioc(P) 
strongly P-orthogonal to both M c and M d , tp c G if oc (M c ), V d G ^(M^) 
and Y a P-special semimartingale with [N Y , [S]] G ^4i oc (P). As for (4.1), we 
restrict our attention to solutions with tp d G Lf oc (M d ) and V G Ml loc (P). 

Proposition 4.1. The BSDEs (4.1) and (4.2) are equivalent. More 
precisely, (Y,tp,L) with tp G L% oc {M) and L G A4q 1oc (-P) solves (4-1) if and 
only if(Y,tp c ,tp d ,L') with tp c G ^ oc ( MC )^ ^ G ^L(^) and L' G A<§ iloc (P) 
solves (4-2), where the tuples are related by 

(4.3) tp ■ M + L = tp c ■ M c + tp d ■ M d + L' . 

Proof. If (Y, tp, L) solves (4.1), we use the Galtchouk-Kunita-Watanabe 
decomposition of tp ■ M + L with respect to M c and M d to obtain (4.3) 
and define tp c , tp d , V '; so L' is strongly P-orthogonal to both M c and M d , 
and taking the covariation with M and using (L, M) = gives tp = tp c 5 c + 
tp d 5 d . Plugging this and (4.3) into (4.1) shows directly that (Y,tp c ,tp d ,L') 
solves (4.2). 

Conversely, if (Y, tp c , tp d , L') solves (4.2), we define 

$ : = ^5 C + tp d {\ - 5 C ) G Lf oc {M) 

and L := tp c ■ M c + tp d ■ M d + V - tp ■ M G M^ loc (P). Then plugging into 
(4.2) directly shows that (Y,tp,L) satisfies (4.1), and since (L,M) = due 
to the definitions above, L is also strongly P-orthogonal to M. So (Y,tp,L) 
solves (4.1). □ 

Equation (4.2) is particularly convenient for models with simple jumps, 
as illustrated by: 

Example 4.2. Consider the jump- diffusion model 

dSt = St-{lHdt + (TtdWt + r]tdnt), S > 0, 

where W is a Brownian motion, and nt = Nt — at, < t < T, is the compen- 
sated martingale of a simple Poisson process with intensity a > 0. The pre- 
dictable processes fj,, a, n satisfy a ^ and suitable integrability conditions, 
and we assume that rj > — 1 to ensure that S > 0. Then we have dMf = 
S t -0- t dWt, dM d = St-mdnt, d(M) t = S?_(of + arf t )dt, X t = St _ (t ff +aT??) 
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2 

and 5$ = ^r^p ■ Because (M) is continuous, so is B due to (4.2); hence 
P Y = Y_ by (2.10). Moreover, using [n] = N gives 



[N Y , [5]] t p = [iff -M c + ^ d -M d + L', [M d }] p t 
d M d i r' (q »^^2 r^nP 



[^■M d + L',(S^) 2 -[n]] f t 



= {S 3 _ip d r] 3 a) ■ t 

so that gt(Y) = "J^^V" ■ Using the notation ip c = ip c S-a, ip d = ij) d S^r] and 

plugging in then allows us to rewrite the BSDE (4.2) after simple calculations 

as 

r l rw^n-. 4- ™mV 4- // v ^2 n rt 

Y t = Y + 



ds + [ dW s + / $ dn s + L' t , 
Jo Jo 



Y s _(a 2 + ar] 2 s ) + aipfij 2 
Y T = 1. 

It depends on the choice of the filtration F whether we can have a nontrivial 
L' € Mq \ oc (P) strongly P-orthogonal to both M c and M d , or W and n. If 
F is generated by W and N, then L' = automatically by the martingale 
representation theorem in Y W,N . 

4.2. Using random measures. For models with more general jumps, the 
version (4.2) of the basic BSDE (4.1) is less useful because one cannot eas- 
ily express g(Y) in terms of integrands like in the preceding example. We 
therefore use semimartingale characteristics and, in particular, work with 
the jump measure of S. For the required notation and results, we refer to 
Chapter II of Jacod and Shiryaev (2003). We take E = M there so that 
n = ft x [0, T] x R with the cr-field V = V® B(R), where V is the predictable 
cr-field on Ox[0,T]. 

Denote by yr the random measure associated with the jumps of S and by 
v its P-compensator. Using Proposition II. 2. 9 of Jacod and Shiryaev (2003), 
we have 

u(uj, dt, dx) = F t (uj, dx) dB t {u) 

for a predictable increasing B null at 0. Moreover, (2.7) gives AS" = AM + 
AA(M) and (x 2 A 1) * fi s <C [M] + (M), and combining this with the con- 
struction of B in Jacod and Shiryaev (2003) and (2.6), we see that B <C (M). 
We introduce the predictable processes 

' d(M)' ' d(M) 

and note that [M d ] = ^(AM) 2 = (x - XA(M)) 2 * /x 5 implies that 

{M d ) = (x- AA(M)) 2 *v=( !{x- \A(M)) 2 F(dx)) ■ B, 
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so that (M) = (M c ) + (M d ) can be reformulated as 

(4.4) 5 c t + bt j\x - X t A(M) t ) 2 F t (dx) = 1, P <g> (M)-a.e. 

With the notation Wt = L Wt(x)v({t}, dx), we now consider the back- 
ward equation 



(4.5) 



Yt = Yo+ f (ggjg + bsfx(W s (x) - W s )F s (dx) + X s "Y a ) 2 
Jo PY s 5 c s + b s fx 2 (f>Y s + W s (x)-W s )F s {dx) 

+ (\ s dM c s +W*^ s -u) t + L' t , Y T = 1. 
Jo 



A solution of (4.5) is a priori a tuple (Y,<p, W,L') such that <p G Lf oc (M c ), 
W G ^io C (/^ 5 ) [see (3.62) in Jacod (1979)], l! G M 2 loc {P) strongly P-ortho- 
gonal to M c and to the space of stochastic integrals {W * (fi s — v)\W G 
Q\ oc {^ S )}, and Y a P-special semimartingale with [-/V y ,[S]] G^i oc (-P)- As 
before for (4.1) and (4.2), we restrict our attention to solutions with W G 
S? oc (//) and L'EMl >loc (P). 

In view of the next result, (4.5) seems the natural form of the BSDE (4.1) 
or (2.18) in the general case, because its generator is expressed in terms 
of integrands. Nevertheless, as seen in Section 2, the form (2.18) is more 
convenient for proving results via stochastic calculus. 

Proposition 4.3. The BSDEs (4.1) and (4.5) are equivalent. More 
precisely, (Y,ip,L) with tp G L 2 oc (M) , and L G M^ loc {P) solves (4-1) if and 
only if (Y,<p,W,L') with 99 G L 2 0C (M C ), W G Q^(ji s ) and V G A*§ jloc (P) 
solves (4-5), where the tuples are related by the equation 

up ■ M + L = if ■ M c + W * (n s - v) + L' '. 

Proof. If (Y,tp,L) solves (4.1), we take its martingale part tp ■ M + L 
and represent this as 

(4.6) ip-M + L = (p-M c + W*(n s -v) + U*n s + L 

with <p G L 2 oc (M c ), W G Gl c (fi s ), U G Hl c (fJ, s ) [see Jacod (1979), Sec- 
tion 3.3b, pages 101 and 102] and L G ■Mf ) loc (P) with [L,S] =0. This is 
the so-called Jacod decomposition; see Jacod (1979), Theorem 3.75, or The- 
orem 2.4 in Choulli and Schweizer (2011) for a more detailed exposition. 
We next express g(Y) in terms of W and v. Using (4.1) and (4.6) yields 

(4.7) AiV t Y = W t (AS t )I {AStm -W t + U t (AS t )I {AStm + AL t . 
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Moreover, ]P AL(AS) 2 = AS ■ [L, S] = so that we get 

[N Y , [S]} = ^2 AiV y (A5) 2 = {x 2 {W(x) - W)) * // + (x 2 U(x)) * fj, s . 

Because [N Y ,[S]] is in _4,i oc (P), this implies that x 2 U(x) is in l-L^ oc (fi S ) so 
that (x 2 U(x)) * /i 5 is a local P-martingale by Jacod (1979), (3.73). Hence 
we obtain 

[N Y , [S]] p = {(x 2 {W{x) - W)) * fJ , s ) p = (x 2 {W{x) - W)) * v 
x 2 (W(x) -W)F{dx) ) B, 



and so gt(Y) = b t j x 2 (W t (x) - W t )F t (dx). Moreover, 

[S] = [S] c + ^2(AS) 2 = {M c ) + x 2 *fi s 

gives [S] p = (M°) + x 2 * v = (5 C + f x 2 F{dx)b) ■ (M) so that comparing with 

(2.8) yields that 1 + A 2 A(M) = 5 C + b j x 2 F(dx) and hence 

N t {Y) = p Y t (l + X 2 A(M) t ) + g t (Y) 

(4.8) 

= p Y t 6 c t +bt J x 2 ( p Y t + W t (x) - W t )F t (dx). 

If we now define U := U * fi s + L, then (4.6) gives 

(4.9) ip-M + L = (p- M c + W*(n s -v) + L'. 

But [V, M] = [U, S] - [V, A • (M)} = (xU{x)) *fi s + [L, S] - [L\ A • <M>] is a 
local P-martingale by Yoeurp's lemma, and a similar argument as just above, 
using now that U S T-Lf oc (fi s ); so (I/, M) = and V is strongly P-orthogonal 

to M c . Moreover, we have for all W € G 2 oc (^ s ) that [L,W * (/i 5 - v)\ = 
since [L, S] = 0, and so (L' , W * (p, s - u)) = (U * fi s ,W * (fM S -u)) = for 
all W G G 2 oc {n s ) by Jacod (1979), Exercice 3.23. Finally, (2.7) and Yoeurp's 
lemma yield 

(W * {fi s - v) , M) = [W * Gu 5 - u), S - A • (M)] p 
= [W*^ s -u),S] p 

= ((x(W(x)-W))*n s ) p 
= {x(W(x)-W))*u. 

Taking in (4.9) the covariation with M and using also (L, M) = = (£/, M) 
yields 

tp ■ (M) = (ip5 c + ( f x(W(x) - W)F(dx))b] ■ (M) 
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so that we get 

(4.11) iP t = tptS* + bt f x(W t (x) - W t )F t (dx), P ® (M)-a.e. 



Plugging (4.11) and (4.8) into (4.1) and using (4.9), we see that (Y,tp,W,L') 
solves (4.5). 

Conversely, if (Y, (p,W,L') solves (4.5), then we define tp by (4.11) and 

L := cp ■ M c - ip ■ M + W * (fi S - v) + U. 

Then ip € Lj oc (M), due to (4.4) and because W € G 2 oc (^ S ), and so L € 
Mqi oc (P). Moreover, equation (4.10), the definitions of L and tp via (4.11) 
and the definitions of 5 C and b yield 

(L, M) = (L ; , M) = (L', M c + M d ) = (L', M c ) + (L', x * (jjl s - v)) = 

by the orthogonality properties of L' , so that L is strongly P-orthogonal to 
M. Finally, the Jacod decomposition applied to V implies that the latter 
must have the form L' = U * fj, + L due to its orthogonality properties. But 
then we obtain from (4.5) again (4.7), hence also (4.8), and then plugging 
in shows that (Y,ip,L) solves (4.1). This completes the proof. □ 

Just for completeness, but without any details, we give here the equivalent 
versions of the BSDEs (3.2) and (3.3) for in 1 ) and . They are 

_ fr^st + h Jx(w t {1) (x) - w t (1) )F t (dx) + yy t (1) ) 



dY t 



' Py/ 2) <5 t c + b t fx 2 (f>Y t {2) + Wi 2 \x) - wi 2) )F t {dx) 
x Lfh c t +b t f x(W t (2) (x) - W t {2) )F t (dx) + A t p Y t (2) ) d(M) t 

+ 4 1] dMf + d(W {1) * (fi s - v)) t + dL^'', Y^ ] = H, 

and 

«r - ^| + h J - ^; )F ' (d t; A '' y ' (1))2 m), + ■<>. 

Py/ 2) <5 t c + b t Jx 2 (PY t {2) + Wf\x) - Wf')F t (dx) 
Yf=H 2 . 

Finally, the recursive representation for the optimal strategy in (3.6) takes 
the form 







»,o <ft% + btj x(Wr(x) - wl l) )F t {dx) + XfY[ 

"(2) AC , h. f,2/ov( 2 ) _L XxA 2 )f^ _ XxA 2 ) 



"Y^'Sf +b t f x 2 (PYf> + Wf> (x) - W t {Z> )F t (dx 

A*) 

X. 



4 2) S! + b t Jx(wi 2 \x) - wi 2) )F t (dx) + VY f (2) w *,o 



f>Y t {2) 5$ + b t Jx 2 (f>Y t {2) + W t {2 \x) - Wp[ 2) )F t (dx)^~ 
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Of course, this can equivalently be rewritten as a linear SDE for X ' as in 
(3.4), simply by integrating with respect to S. 

4.3. Further comments. At this point, it seems appropriate to comment 
on related work in the literature, where we restrict ourselves to papers that 
have used BSDE techniques in the context of mean- variance hedging. While 
extending work by many authors done for an Ito process setting in a Brow- 
nian filtration, the results in Mania and Tevzadze (2003a, 2003b) and Bo- 
brovnytska and Schweizer (2004) still all assume that S is continuous. At the 
other end of the scale, Cerny and Kallsen (2007) have a general S G S^ oc (P), 
with Pg a (S) 7^ 0; but their methods do not exploit stochastic control ideas 
and results at all, and BSDEs appear only very tangentially in their equa- 
tions (3.32) and (3.37). As a matter of fact, their opportunity process L 
equals our coefficient v^ 2 \ and so their equation (3.37), which gives a BSDE 
for L, should coincide with our equation (4.5). However, Cerny and Kallsen 
(2007) give no proof for (3.37) and even remark that "it is not obvious 
whether this representation is of any use." Moreover, a closer examination 
shows that (3.37) is not entirely correct; it seems that they dropped the 
jumps of the FV part of L somewhere, which explains why their equation 
has L_ instead of (the correct term) P L. 

The paper closest to our work is probably Kohlmann, Xiong and Ye 
(2010). They first study the variance-optimal martingale measure as in Ma- 
nia and Tevzadze (2003b) via the problem dual to mean-variance hedging 
and obtain a BSDE that describes V = 1/V°(1) = see our Proposi- 

tion 2.2. For mean- variance hedging itself, they subsequently describe the 
optimal strategy in feedback form with the help of a process (called h) for 
which they give a BSDE. Their assumptions are considerably more restric- 
tive than ours because, in addition to S € S} oc (P) and F^ a (S) ^ 0, they 
also suppose that S is quasi- left-continuous; and for the results on mean- 
variance hedging, they additionally even assume that Mf oc (P) is generated 
by integrals of fi s — v [and also that the VOMM exists and satisfies the 
reverse Holder inequality R2{P) and a certain jump condition]. We found it 
hard to see exactly why this restrictive condition on Mf (P) is needed; the 
proof in Kohlmann, Xiong and Ye (2010) for their verification result is rather 
computational and does not explain where the rather technical BSDEs come 
from. 

Finally, a similar (subjective) comment as the last one also applies to 
Lim (2005). The problem studied there is mean- variance hedging (not the 
VOMM), and the process S is a multivariate version of the simple jump- 
diffusion model in Example 4.2, with a d-dimensional Brownian motion W 
and an m-variate Poisson process N. The filtration used for strategies $ and 
payoffs H is generated by W and N; but all model coefficients (including 
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the intensity of N) are assumed to be F -predictable. Technically speaking, 
this condition serves to simplify Lim's equation (3.1), which corresponds to 
our equation from Example 4.2 for Y without the jump term. It would be 
interesting to see also at the conceptual level why the assumption is needed. 

Remark. As already pointed out before Theorem 3.1, the BSDE sys- 
tem (3.1)-(3.3) is less complicated than it looks. It is only weakly coupled, 
meaning that one can solve (3.3) (even directly) once one has the solutions 
of (3.1) and (3.2), and that (3.2) is linear and hence also readily solved once 
one has the solution of (3.1). In general, however, (3.1) has a very compli- 
cated driver, and it seems a genuine challenge for abstract BSDE theory to 
prove existence of a solution directly via BSDE techniques. We do not do 
that (and do not need to) since we only use the BSDEs to describe optimal 
strategies; existence of the latter (and hence existence of solutions to the 
BSDEs) is proved directly via other arguments. 

In the special case where the filtration F is continuous, the complicated 
equation (3.1) or (2.18) can be reduced to a classical quadratic BSDE, as 
follows. First of all, as already pointed out before Lemma 2.3, the operation 
Af(Y) in (2.12) reduces to N{Y) = Y, at least in the context of (2.18). So 
(2.18) becomes 

(4.12) dY t = ^ + ^ tYt)2 d(M) t + ik dM t + dL t , Y T = 1, 

and we know from Lemma 2.1 that the solution q = V (1) is strictly positive. 
If we introduce y := logy, apply Ito's formula and define tp := ip/Y, £ := 
J (l/Y)dL, then it is straightforward to verify that (4.12) can be rewritten 
as 

dy t = dM t + ((cpt + A t ) 2 - \$) d(M) t +dlt-\ d(£) t , y T = 0. 
This can then be tackled by standard BSDE methods, if desired. 

5. Examples. In this section, we present some simple examples and spe- 
cial cases to illustrate our results. We keep this deliberately short in view 
of the total length of the paper. Throughout this section, we assume that 
SeSl c (P) andf>l a {S)^0. 

Recall the P-canonical decomposition S = So + M + j X d(M) of our price 
process. Because A € Lf oc (M), the process Z := S(—X • M) is in M^ QC {P) 
with Zq = 1. Moreover, it is easy to check that ZS is a local P- martingale 
so that Z is a so-called signed local martingale density for S. If Z is a true 
P-martingale and in M 2 (P), then Q with dQ := ZxdP is in P 2 a (S) and 

called the minimal signed {local) martingale measure for S; if even Z > 
so that Q is in F^ a (S), then Q is the minimal martingale measure (MMM) 
for S. 
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V t °(l) =q t = vf ] = 1/Vt = — » < i < T, 



The MMM is very convenient because its density process Z can be read 
off explicitly from S. On the other hand, the important quantity for mean- 
variance hedging is the variance-optimal martingale measure (VOMM) Q. 
By Proposition 2.6, we could construct a solution to the BSDE (2.18) from 
Qby 

tL 

but the density process is usually difficult to find. An exception is the 
case when Q = Q, since then Z® = Z = £{— A • M) and the above formula 
allows us to find an explicit_expression for . To make this approach work, 
we need conditions when Q and Q coincide. This has been studied before, 
and we could give some new results, but do not do so here for reasons 
of space. We only mention the MMM since it comes up later in another 
example. 

5.1. Easy solutions for the process V°(l) = v^ 2 ' . In terms of complexity, 
the BSDE (2.18) or one of its equivalent forms (3.1), (4.2), (4.5) is the most 
difficult one. So we focus on that equation, in the form (4.5), and we try 
to have a solution tuple (Y, tp, W, L') with cp = and W = 0. Then (4.5) 
simplifies to 

ft \ 2 PY 

Y >= Y ° + l nw>7 d<M> - +Li - 

which gives AB Y = 1+ ^ M) A(M). But P Y = Y_ + AB Y by (2.10), and 

plugging this in above and solving for AB Y allows us to get P Y = Y_(l + 
A 2 A(M)) so that (4.5) becomes 



(5.1) 



Y t = Y + I Y S ^X 2 S d(M) a + L' t , Y T = 1. 
Jo 



This is the equation for a generalized stochastic exponential, and so it is not 
surprising that we can find an explicit solution. 

Corollary 5.1. Set K := (A ■ M) and suppose that 

£{K)t 1 = c + m T 

with a constant c > and a F '-martingale m which is strongly F '-orthogonal 
both to M c and to the space of stochastic integrals {W * (fi s — u)\W 6 
G\ oc {n s )}- Then the solution of (4-5) is given by if = 0, W = and 

Y t = E[S{K) t /£(K) T \F t ) = £(K) t (c + m t ), 

(5-2) 

L' t = I S{K) s _dm s + [£{K),m] t . 
Jo 
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Proof. Since (5.1) can be written as Y = Yq + JY- dK + L', denning 
Y and Lf by (5.2) gives by the product rule that (Y,L') satisfy (5.1) with 
Yp = 1, and L' is a local P-martingale like m by Yoeurp's lemma. Finally 
for every W G G\ oc (n s ), we have that 

[W * {fi s - u), [S(K),m]] = * {fi s - v))A£{K)Am 

= A£(K) ■ [W * {fi s - u),m] 

is a local P-martingale because m is strongly P-orthogonal to W * (/j, s — v). 
Hence V is also strongly P-orthogonal to W * ([i s — u), and so (Y, 0,0, L') 
is a solution to (4.5). □ 

Example 5.2. A special case of Corollary 5.1 occurs if the (final) mean- 
variance tradeoff (A • M)t and all the jumps A 2 A(M) are deterministic. 
Then m = 0, the solution for Y is 

Y t = £({X-M)) t /£((X-M)) T , 0<t<T 

[which is adapted because £ ((A ■ M))t is deterministic], and all other quan- 
tities in the BSDEs (2.18) or (4.2) or (4.5) are identically 0. If S or M or 
even only A = J A 2 d{M) is continuous, the above expression simplifies to 

Yt = e (A-M) t -(A-M) T) 0<i<T. 

Similar results as in this section, but under more restrictive assumptions, 
have been obtained by several authors. We only mention exemplarily the 
work of Biagini, Guasoni and Pratelli (2000), Mania and Tevzadze (2003b) 
and Santacroce (2006). 

5.2. The discrete-time case. Now we briefly look at the special case of 
a model in finite discrete time k = 0, 1, . . . , T. Our price process is given by 
S = (Sk)k=o,i,...,T, and we assume as in (2.7) that 

(5.3) S = S + M + A ■ (M) 

with a martingale M = (Mfc)fc = o i ... t nu U a t 0- We assume that S is square- 
integrable to avoid technical complications, and we write A^Y := Y^ — 
for the increments of a process Y = (lfc)fe=o l ... t- The Doob decomposition 
S = So + M + A is then explicitly given by A^A = £J[A^>S[^fe_i], we have 
A fc (M) = £[(A fc M) 2 |.7Vi] = Var[A fc 5 , |J r fc _i], and so (5.3) takes the form 
S = S + M + f \ Xj Aj (M) with 

( . 4) A,A EjAjSlT^] 

1 ; 3 Aj{M) Var[Aj5|^_i] ' 
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For the discrete-time version of the BSDE (2.18), we need p Yj = E\Yj |.7"j'-i] 
and the density g(Y) of [N Y , [S]] p with respect to (M). But we have [N Y , [5]] : 
E j (A j 7V y )(A j 5) 2 so that 

(5.5) gj(Y)Aj(M) = J B[(A,iV y )(A i 5)V J -i]- 

Moreover, we have 

(1 + A|Aj(M))A 3 -(M) = VarfA^I^-i] + ^[A^SL^-i]) 2 

(5.6) 

= J B[(A J S) 2 |7- J _ 1 ], 

and the Galtchouk-Kunita-Watanabe decomposition iV y = ]T\ ipjAjM + L 
yields 

ipjAjiM) = Cov(AjN Y , A ,M ./) L ) = Cov(A,Y, A,-5|j;_i) 

(5.7) 

= Cov(Y i ,A J S|7- i _ 1 ). 

Hence we get 

(^ + XfYtfiAjiM)) 2 = (Cov^^A^I^O + E[A i 5|^._ 1 ]£;[y j .|J-._ 1 ]) 2 

= (^[^A^l^-i]) 2 . 

Writing out the discrete-time analog of (2.18), expanding the ratios in the 
first appearing sum with Aj{M) and using (5.4)-(5.7) then yields 

^ p ^(l + A]A i (M)) + ffi (y) ~[ 



k 



= y+V »M 

1 ' j " ^^KI^-xMA^ 



But Yj = Yj-x + AjN Y + AjB Y gives 

^[iil^i-i] = 1^-1 + &jB Y = Nj_ x + B Y , 

and the denominator in the third sum in (5.8) therefore equals 

EKNj^ + Bj + AjN^AjSflTj-t] = E\Yj{AjS) 2 \F )-\\. 

Passing to increments and taking conditional expectations to make the mar- 
tingale increments vanish, equation (5.8) thus can be written as 

n-i = E[Y k - A fe Y|^_i] = E[Y k \T k ^} - f^^K Y T = 1. 

E[Y k (A k Sy\Tk-i\ 
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This is exactly the recursive relation derived in equation (3.1) in Theorem 1 
of Gugushvili (2003); see also equation (3.36) in Cerny and Kallsen (2007). 
Under more restrictive assumptions, analogous equations have also been 
obtained in equation (5) in Theorem 2 of Cerny (2004) or in equation (2.19) 
in Theorem 1 of Bertsimas, Kogan and Lo (2001). 

5.3. On the relation to Arai (2005). Our final example serves to illustrate 
the relations between our work and that of Arai (2005), whose assumptions 
are rather similar to ours. More precisely, Arai (2005) assumes that S (which 
he calls X) is locally bounded, and that the VOMM Q exists in ¥^ a (S) and 
satisfies the reverse Holder inequality i?2(P) and a condition on the jumps of 

Z®. This implies of course S G S? oc (P) and ^(S) + 0. Arai (2005) does not 
use BSDEs, but works with a change of numeraire as in Gourieroux, Laurent 

and Pham (1998). His numeraire is Eq[Zj,\J~-\, and to ensure that this is 

positive, the existence of the VOMM Q in F^. a (S) is needed. The example 
below illustrates that our assumptions are strictly weaker than those of Arai 
(2005). 

Example 5.3. We start with two independent simple Poisson processes 
AfM with the same intensity a > and define nf := — at, < t < T. 
We then set 

dSt = St- (7+ dnf — 7_ dn^ +6dt) =: St- dRt, 

so that S is clearly locally bounded, hence in S^ 0C (P), and even quasi- left- 
continuous. We claim that we can choose the parameters a,7+,7_,<5 such 
that: 

(1) P c 2 (7 (S)/0; 

(2) the variance-optimal signed martingale measure Q € P|? a (S) coincides 

with the minimal signed martingale measure Q, but is not in ¥^ a (S), which 
means in our terminology and that of Arai (2005) that the VOMM does not 
exist. 

Let us first argue (2). Because dM t = 5t_(7 + dnf — 7_ dn^) implies that 
d{M)t = St_{^\ + 7^ )adt and we have dAt = St-ddt, we obtain 

_6_ 

a(7i+7_) 

So as soon as we have 

a(7++7-) 

we get — AAA/ < —1 at jumps of so that Z = £ (— A • M) also takes nega- 
tive values. Because the mean-variance tradeoff process (A • M)t = 



A • M = - 2 2r(7 + n + — 7_n ). 



( 5 - 9 ) _,VL^ >i. 
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r2 -~- 

-, i — Trt, < t < T, is deterministic, the signed MMM Q is variance- 

<*(7++7l) ' — — ' ' o 

optimal by Theorem 8 of Schweizer (1995). Moreover, Z is clearly in M 2 (P) 
and so Q = Q is in P^(5), but not in P^(5). This gives (2). 

To construct an element of Pg (S), start with Z := := £{fan + + 
fan~), which is clearly in A4 2 (P). To ensure that Z > 0, we need pi > — 1 
and fa > — 1. Next, the product is by Ito's formula seen to be a local 
P-martingale if and only if 5dt + d{L,R)t = 0, which translates into the 
condition 5 = {fa"f~ — fal+)oL- This allows us to rewrite (5.9) as 

7+ +7- „ 5 o fl 

< - = P27- - P17+, 

7+ « 

and if we choose 7+ = 7_ = 7, this boils down to fa — Pi > 2 and — = 
{fa ~ fa)l- By the Bayes rule, S is then a local Q-martingale under Q ~ P 
with = Z r dP. 

If we now choose e > and fa = /3> —1, /?2 = /3 + 2 + e, a = 1, <5 = (2+e)7, 
one readily verifies that all conditions above are satisfied; hence F 2 a {S) 7^ 
since it contains Q. If we take 7 € (0, 1), we even keep S > since AP > — 1. 

Remark. By its construction, the minimal martingale density Z is al- 
ways based on — A • M. With our above choice of model parameters 7+ = 
7_ = 7, this is symmetric in n + and — n~ and therefore risks getting negative 
jumps rather easily. In contrast, writing 

L = /3n + + {f3 + 2 + e)n~ = -X-M + L 

with L = {/3 + 1 + |)n + + {(3 + 1 + |)n _ shows that it can be very beneficial to 
have some extra freedom when choosing an ELMM or a martingale density. 
This is quite analogous to the well-known counterexample in Delbaen and 
Schachermayer (1998). 
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